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Abstract
The weight distribution of the generalized Reed–Muller codes over the finite field Fq is linked to the
number of points of some hypersurfaces of degree d in the n-dimensional space over the same field. For
d  q/3 + 2, the three first highest numbers of points of hypersurfaces of degree d in the n-dimensional
projective space over the finite field Fq are given only by some hyperplane arrangements. We show that
for q/2 + 5/2 d < q, this is no longer the case: the third highest number associated to some hyperplane
arrangements can also be obtained in this case by some hypersurface containing an irreducible quadric. For
the curves on Fp with p a prime number we show that this condition is the best possible.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
The determination of the number of points in certain hypersurfaces of degree d in the n-dimen-
sional affine and projective space over the finite field Fq gives results on the weight distribution
of the generalized Reed–Muller codes [4]. This weight code spectrum measures in particular the
efficiency of the code and is useful in decoding procedures, but so far only a few things are known
about it. We give the first few lowest weights, and this consideration gives rise to the notion of
series of highest numbers of points of hypersurfaces.
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given independently by J.-P. Serre [7] and A.B. Sørensen [8]. The second highest number was
computed by J.-P. Cherdieu and R. Rolland in the affine setting [2] but with a strong condition
on the degree d . This condition was greatly improved by A. Sboui in the same setting [5]. In the
article [6] A. Sboui computed the second and the third highest numbers of points of hypersur-
faces which are associated to homogeneous polynomials of degree d on a projective space with
coefficients in Fq . He showed that for d  q/3 + 2, the three first highest numbers were given
by some hyperplane arrangements. We will show here that for q/2 + 5/2  d < q , this is no
longer the case: the third highest number associated to some hyperplane arrangements can also
be obtained by some hypersurfaces which are the union of d −2 hyperplanes and one irreducible
quadric. We study the examples of reducible curves on Fp with p a prime number, where we
show that for p/2 + 5/2  d < p − 2 the third highest number of points in curves is given by
some line arrangements and also by the union of d − 2 lines and one irreducible conic. We show
also that the second highest number of points is associated to some line arrangements for d < p.
2. Hyperplane arrangements
An arrangement of d hyperplanes in the projective space Pn(Fq) is a set of hyperplanes. We
describe three types of arrangements of d hyperplanes in Pn(Fq), denoted by Adi , 1 i  3.
(1) Type Ad1 : all the hyperplanes meet in a common subspace of codimension 2.
(2) Type Ad2 : (d − 1) hyperplanes meet in a common subspace K of codimension 2 and the d th
hyperplane meets K in a subspace of codimension 3.
(3) Type Ad3 : (d − 2) hyperplanes H1, . . . ,Hd−2 meet in a common subspace K1 of codimen-
sion 2; the last two hyperplanes, Hd−1 and Hd meet in a subspace K2 different from K1,
such that K2 is contained in one of the hyperplanes Hi , for 1 i  d − 2.
A. Sboui has computed the number of points in the union of hyperplanes of an arrange-
ment [6]. Let us denote by Πn the number of points of Pn(Fq), that is Πn = qn+1−1q−1 .
Theorem 1. The number of points Nli in an Adi -arrangement, 1  i  3, with 2 < d  q and
n > 3, is such that:
Nl1 = dqn−1 + Πn−2,
Nl2 = dqn−1 + Πn−2 − (d − 2)qn−2,
Nl3 = dqn−1 + Πn−2 − 2(d − 3)qn−2.
Let us call N1, N2 and N3 respectively the three maximal numbers of rational points of hy-
persurfaces of degree d in Pn. The maximal number is given by J.-P. Serre [7].
Theorem 2. The maximal number of rational points of hypersurfaces of degree d in Pn is
N1 = N1 .
A. Sboui showed in the same paper [6] that some other weights were associated to these
hyperplane arrangements.
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If q  2(d − 1), then #C < N2 , and therefore N2 = N2 .
If q  3(d − 2), then #C < Nl3, and therefore N3 = N3 .
3. Hypersurfaces reaching the third weight
3.1. The case of the plane
Let C be an irreducible conic in P2(Fq). Let us call Ext(C) the union of all the tangent lines
minus C and Int(C) the complementary set of Ext(C)∪C. The following lemma gives the number
of lines containing a point M and not intersecting C (cf. [3, Chapter 8]).
Lemma 4. Let C be an irreducible conic in P2(Fq) and let M be a point.
If q is odd and M ∈ Ext(C), the number of lines containing M and not intersecting C is q−12 .
The number of tangent lines through M is 2.
If q is odd and M ∈ Int(C), the number of lines containing M and not intersecting C is q+12 .
If q is even, M is not on C and is not the nucleus of C then the number of lines containing M
and not intersecting C is q2 . The number of tangent lines through M is 1.
If M belongs to C the number of lines containing M and not intersecting C in another point
is 1.
Now we can build a curve whose number of rational points is N3 .
Proposition 5. Let d be an integer such that q+12 + 2  d < q and let C be a projective plane
curve of degree d on Fq , being the union of d − 2 concurrent lines Δi to the same point M and
a conic C. If we are in one of the following situations:
– the integer q is even, the point M does not belong to C and is distinct from the nucleus of C;
among the d − 2 lines Δi , q2 do not intersect C and there is a tangent line among them,
– the integer q is odd, M ∈ Int(C), and among the d − 2 lines Δi , q+12 do not intersect C,
– the integer q is odd, M ∈ Ext(C), and among the d − 2 lines Δi , q−12 do not intersect C and
two lines Δi are tangent to C,
then we have #C = N3 .
Proof. In the first case there are q2 lines containing M and not intersecting C (it is the maximum
possible), and one line containing M tangent to C. The d − 2 − (1 + q2 ) other lines intersect C in
two points.
The number of rational points of C is
#C = #
d−2⋃
i=1
Δi + #C − #
(
C ∩
d−2⋃
i=1
Δi
)
= (d − 2)q + 1 + q + 1 − (1 + 2(d − 2 − (1 + q/2)))= N. (1)3
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#C = N3 . 
3.2. General case
We can extend this construction to Pn(Fq).
Proposition 6. Given a linear subspace Z of codimension 3 in Pn(Fq) and a curve C of degree
d in a plane disjoint from Z as in Proposition 5, the union of subspaces generated by Z and by
a point of C is a hypersurface S whose number of points is equal to N3 .
Proof. If P is the plane of the curve C, and V (respectively V ′) is the pullback of P (respec-
tively Z) in the vector space over Pn(Fq), the equation of S can be written f (v, v′) = 0 where
f (v, v′) is independent of v′, and f (v,0) = 0 is the homogeneous equation of C. The pullback
of S is the product of the closure of the pullback of C and V ′.
The number of points of S is then
qn−2(#C(q − 1) + 1) − 1
q − 1 = q
n−2#C + Πn−3
= qn−1d − 2qn−2(d − 3) + Πn−2. 
4. Curves over Fp
We can show more in the case of curves over a finite field Fp with p a prime. A bound for
plane curve is given by the following theorem.
Theorem 7. (See Carlin and Voloch [1].) Let C be an algebraic plane curve possibly reducible
defined on Fp (p a prime) of degree d < p. Let us suppose that C has no linear component
defined over Fp . Then
#C  d(d + p − 1)
2
.
4.1. Second largest number of points
In this section we will prove that one can suppress the condition d  p2 + 1 in Theorem 3,
which brings us to the conclusion that N2 = N2 for d < p.
Proposition 8. Let C be an algebraic plane curve, not union of d lines, with 4 < d < p, then
#C < N2 , and we have N2 = N2 .
Proof. Let us suppose that the curve C is a union of k lines Δi , with 0 k  d − 2 and a curve
C′ of degree d − k so that #C  #⋃ki=1 Δi + #C′. Using bound of Theorem 1 for the union of k
lines, and Carlin–Voloch bound (Theorem 7) for C′ we have
#C  1
(
k2 + k(p − 2d + 1) + d(p + d − 1))+ 1,2
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polynomial in k. 
4.2. Third largest number of points
In this section we will prove that N3 = N3 for 4 < d < p − 2. For some values of d we will
describe a curve which is not a union of lines but which has the same number of points as a union
of lines.
Lemma 9. Let C be an irreducible cubic in P2(Fq) containing λ rational points and let M be
a point. If M does not belong to C, the number of lines containing M and not intersecting C is
lower than q + 1 − λ3 . If M belongs to C the number of lines containing M and not intersecting
C in another point is lower than q + 1 − λ2 .
Proof. If M does not belong to C the cardinality of the set of lines containing M and intersecting
C is greater than λ3 since a line intersects an irreducible cubic in at most three points. For the same
reason, if M belongs to C the cardinality of the set of lines containing M and intersecting C in at
least one other point is greater than λ2 . 
Theorem 10. Let p be a prime number and C be a possibly reducible projective plane curve over
Fp of degree d < p − 2, which is not a union of lines, then #C  N3 . This inequality is strict,
except if we are in one of the cases of Proposition 5.
Proof. Let k be the number of lines contained in C with 0 k  d − 2.
Case 0 k  d − 4.
We have by the same proof as Proposition 8
#C  1
2
(
k2 + k(p − 2d + 1) + d(p + d − 1))+ 1
which is lower than N3 for 0 k  d − 2 and d  p − 3.
Case of a curve containing k = d − 3 lines and an irreducible cubic C.
If the d − 3 lines Δi are not concurrent the number of points of their union is at most N2 .
The number of rational points of a nonsingular cubic is lower than 1 + p + 2√p from Hasse–
Weil bound. The number of rational points of a singular cubic is lower than p + 2. Therefore
#C  (d − 2)p − d + 2√p + 7 which is lower than N3 .
If the d − 3 lines Δi have a point in common which does not belong to C, let λ be the number
of rational points of C and let b be the number of lines which meet C in a rational point. Using
formula (1) we can say that the number of points of the curve C is such that
#C  (d − 3)p + 1 + λ − b (2)
as every line in the set of the b lines intersecting C intersects the cubic in at least one point. From
Lemma 9, the number of lines among the d − 3 lines not intersecting C is such that d − 3 − b
p + 1 − λ3 , hence
#C  (d − 2)p − d + 5 + 2λ.
3
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#C  dp − 4
3
√
p(
√
p − 1) − d + 6.
This bound is lower than N3 .
If the d − 3 lines Δi have a point in common which belongs to C, the number of points of the
curve C is such that
#C  (d − 3)p + 1 + λ − b
the same as in (2). From Lemma 9, the number of lines among the d − 3 which do not intersect
C is such that d − 3 − b p + 1 − λ2 , so
#C  (d − 2)p − d + 5 + λ
2
,
which is even lower than the previous bound.
Case of a curve containing k = d − 2 lines and an irreducible conic.
(i) If the d −2 lines Δi are not concurrent in the same point the number of points in their union
is at most N2 . We get on the other hand #C = p + 1. Therefore
#C  #
d−2⋃
i=1
Δi + #C = (d − 1)p − d + 6,
which is smaller than N3 if d < p.
(ii) If the d − 2 lines Δi are concurrent in M and M ∈ C, every line containing M intersects C
in another point, except for one tangent line. So, according to formula (1),
#C  (d − 2)p + 1 + p + 1 − (d − 2),
which is smaller than N3 if d < p.
(iii) If the d − 2 lines Δi are concurrent on M /∈ C, we distinguish two cases.
1st case d < p+12 + 2. Using formula (1), one can write #C  (d − 1)p + 2 − b, with b being
the number of i such that Δi intersects C. From Lemma 4 the number d − 2 − b of i such that Δi
does not intersect C is at most p+12 ; hence #C  (d −1)p+ p+12 −d +4 which is lower than N3 .
2nd case d  p+12 + 2. We deduce from (1) that
#C = (d − 1)p + 2 − 2s − t,
with s being the number of lines containing M and secant with C and t being the number of lines
containing M and tangent to C.
If M ∈ Int(C), and if at most p−1 lines Δi are disjoint from C, then2
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(
d − 2 − p − 1
2
)
 (d − 1)p + 5 − 2d + p,
which is lower than N3 . If exactly
p+1
2 lines Δi are disjoint from C, then #C = N3 as in Propo-
sition 5.
If M ∈ Ext(C), the same proof is established, taking in consideration the tangent lines
to C. 
We can give a consequence on the number N3.
Corollary 11. If 4 < d < p−2, we have N3 = N3 . The curves having N3 points are of two sorts:
(i) a union of lines (which has to form an arrangement of type Ad3 if d > 7);
(ii) a union of d − 2 lines which form an arrangement of type Ad1 and of a conic, as stated in
Proposition 5.
Proof. All of the curves C which are not a union of lines verify #C N3 . The union of lines in
an arrangement which is not of type Ad1 , Ad2 contains at most N3 points, by Remark 3.3 in [6].
Hence N3 = N3 . The only arrangement whose union of lines has N3 elements is of type Ad3 if
d > 7 by Theorem 3.2 of [6]. The only case where the curve is not a union of lines is stated in
Proposition 5. 
4.3. Consequences on Reed–Muller codes
We are now in position to give some precisions about the three first weights of the Reed–
Muller code of length 2.
Corollary 12. If p is a prime number the three lowest weights of a generalized Reed–Muller
codes of length 2 and order d on Fp with 4 < d < p are:
w1 = q2 − (d − 1)q,
w2 = q2 − (d − 1)q + (d − 2),
w3 = q2 − (d − 1)q + 2(d − 3) if d < p − 2.
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